Self-similar propagation of ultrashort, parabolic pulses in a laser resonator is observed theoretically and experimentally. This constitutes a new type of pulse-shaping in modelocked lasers: in contrast to the well-known static (soliton-like) and breathing (dispersion-managed soliton) pulse evolutions, asymptotic solutions to the nonlinear wave equation that governs pulse propagation in most of the laser cavity are observed. Stable self-similar pulses exist with energies much greater than can be tolerated in soliton-like pulse shaping, and this will have implications for practical lasers.
Self-similarity is a recurring theme in the description of many natural phenomena. The emergence of selfsimilarity in complicated, nonlinear systems can be particularly informative about the internal dynamics: selfsimilarity arises after the influences of initial conditions have faded away, but the system is still far from its ultimate state [1] . Furthermore, the presence of selfsimilarity implies an inherent spatial and/or temporal order that can be exploited in the mathematical treatment of the governing equations. For example, reduction-ofsymmetry techniques effectively reduce the dimensionality of the system, [2] which facilitates analysis. In the field of nonlinear optics, a limited number of self-similar phenomena have been reported. As examples, self-similar behavior in stimulated Raman scattering [3] and the formation of Cantor-set fractals in materials that support spatial solitons [4] were investigated. The most pertinent prior work is the theoretical demonstration of self-similar propagation of short pulses of parabolic intensity profile in optical fibers with normal group-velocity dispersion (GVD) and strong nonlinearity [5] . Recently, this concept has been extended to an optical fiber amplifier. By use of the technique of symmetry reduction, parabolic pulses were shown to propagate self-similarly in the amplifier, and the predicted evolution was verified experimentally [6, 7] . Considering that the solutions of the nonlinear Schrodinger equation that governs pulse propagation in a fiber are well-known, it is remarkable that the self-similar solutions were discovered only recently.
In addition to the scientific interest in self-similar pulse propagation, there is practical motivation: the energy of ultrashort optical pulses is generally limited by wavebreaking, which is a consequence of excessive nonlinearity. The limitation is particularly stringent in short-pulse fiber devices, where small modes produce high intensities and therefore large nonlinear phase shifts. In contrast to solitons, self-similar pulses can tolerate strong nonlinearity without wave-breaking. The presence of normal GVD tends to "linearize" the phase accumulated by the pulse, which increases the spectral bandwidth but does not destabilize the pulse [5] . Thus, the possibility of achieving self-similar propagation in a laser is very attractive.
However, experimental studies of self-similar optical phenomena are generally restricted to the observation of evolution over a limited number of characteristic propagation lengths, due to practical limitations. Furthermore, we are not aware of any experimental observations of asymptotic self-similar evolution in an optical system with feedback, such as a laser. Asymptotic solutions of a wave equation would appear to be incompatible with the periodic boundary condition of a laser resonator.
Here we report numerical predictions of the existence of stable pulses that indeed propagate self-similarly in a laser cavity, along with clear experimental evidence of self-similar (SS) pulses in a fiber laser. This regime of operation constitutes a new type of pulse shaping in a modelocked laser, qualitatively distinct from the well-known soliton [8] and dispersion-managed soliton [9] regimes. The main features of SS pulses in a laser will be presented, and the implications for practical devices will be discussed briefly.
Pulse formation in lasers that produce femtosecondduration pulses is dominated by the interplay between dispersion and nonlinearity, in the form of soliton dynamics [10] . These pulses are not exact solitons, because the laser cavity constitutes a dissipative system. Hence, their basic features can be understood within the formalism of a complex Ginzburg-Landau equation or related formulations [11] . An effective saturable absorber (SA) is required for initiation of pulsed operation from intracavity noise and subsequent stabilization of the pulse.
Soliton fiber lasers are limited to low pulse energies (100 pJ or less) [8] . At higher energies, nonlinear effects cause wave-breaking [12] , which leads to multiplepulsing (more than one pulse circulates in the cavity). The pulse can tolerate only a small nonlinear phase shift (Φ N L << π) within one round-trip before such instabilities occur. Stretched-pulse fiber lasers consist of segments of anomalous and normal GVD [9] . These imple- ment the concept of dispersion management (DM) [13] , and support the analog of DM solitons. DM solitons can tolerate nonlinear phase shifts an order of magnitude larger than ordinary solitons, and the pulse energy thus exceeds the soliton energy by the same factor.
Solitons are static solutions of a nonlinear wave equation, and DM solitons are breathing solutions. In contrast, pulses that propagate self-similarly are asymptotic solutions to the governing equation. The evolution of their properties (e.g., the pulse duration) is monotonic. Such a solution cannot satisfy periodic boundary conditions, and an additional mechanism is required to obtain a stable solution in a cavity. Another issue must be addressed for SS propagation to occur in a laser: in general, pulses will evolve to fill available gain bandwidth. However, self-similar propagation of intense pulses is disrupted if the pulse encounters a limitation to its spectral bandwidth [14] .
The following conceptual model for a fiber laser (illustrated in Fig. 1 ) addresses these issues. A segment of single-mode fiber (SMF) with normal GVD forms the majority of the cavity. Amplification is provided by the minimum length of gain fiber required to provide adequate gain. The pulse will experience negligible GVD and nonlinearity during amplification, which effectively decouples bandwidth filtering from the nonlinear evolution in the SMF. The gain fiber is followed by a SA, which also serves as the output coupler. The final element is a dispersive delay line (DDL) that provides anomalous GVD with negligible nonlinearity. Chirp accumulated in the desired SS propagation will be compensated by the DDL. In the frequency domain, bandwidth generated in the nonlinear propagation will be filtered by the gain medium, to produce a self-consistent solution in the resonator. The pulse evolution is illustrated by the plot of frequency chirp versus cavity position (Fig. 1) .
Numerical simulations of the model laser were employed to search for SS solutions, and to verify that such solutions are global attractors and thus accessible from intracavity noise. The parameters of the numerical model correspond to the experimental setup, to be described be- low. A segment of SMF 6 m in length is connected to a 20 cm-long gain fiber, and a grating pair is used for the DDL. Propagation within each section is modeled with an extended nonlinear Schrodinger equation
where A(ξ, τ ) is the envelope of the field, ξ is the propagation coordinate, τ is time scaled to the pulse duration, β 2 = 23f s 2 /mm is the GVD, and γ = 0.0047(W m) −1 is the effective coefficient of cubic nonlinearity for the fiber section. γ is set to zero in the DDL, which is adjusted to achieve a desired total dispersion of the cavity. The pulse energy is given by E pulse = TR/2 −TR/2 |A(ξ, τ )| 2 dτ and T R ∼ 40 ns is the cavity roundtrip time. g(E pulse ) is the net gain, which is non-zero only for the amplifier fiber. The gain saturates with total energy according to
where g 0 ∼ 30 dB is the small signal gain with an implicit parabolic frequency dependence, and a bandwidth of 45 nm is assumed. The effective gain saturation energy, E sat , is determined by the pump power. The SA is assumed to saturate monotonically, and is modeled by a transfer function that describes its transmittance
, where l 0 = 0.3 is the unsaturated loss, P (τ ) is the instantaneous pulse power and P sat is the saturation power. The pulse amplitude is reduced by a factor of ∼ 10 after the SA to account for other linear losses in the laser. The simulations exhibit stable pulse formation over a reasonably-wide range of parameters. A typical solution obtained with β net = 0.007 ps 2 , P sat = 15 kW, and E sat = 4.0 nJ is shown in Fig. 2 . The pulse energy is 15 nJ. The approximately-parabolic temporal profile, nearly linear chirp, shape of the power spectrum, and the variation of the intensity profile are all signatures of SS pulse formation. For reference, the results are compared to a laser that supports DM solitons. SS propagation does not increase the maximum stable pulse energy when the net GVD is anomalous (β net < ∼ 0). However, for increasing β net > 0 (normal GVD) the pulse energy diverges dramatically (see Fig. 3 ). The stretching ratio for the laser with SS evolution decreases exponentially at fixed pulse energy as the net GVD is increased (inset of Fig. 3) . Thus, the energy-scaling can be understood intuitively: the (exponential) increase in pulse energy with increasing GVD maintains a fixed stretching ratio.
Encouraged by the simulation results, we constructed a Yb:fiber laser with the parameters listed above. A short (23 cm), highly-doped (23,600 ppm) Yb fiber decouples gain filtering from nonlinear pulse shaping. The linear anomalous-GVD segment is implemented with a pair of diffraction gratings. Results obtained with β net = 0.004 ps 2 will be presented and are representative of those obtained in the range β net = 0.003 − 0.015 ps 2 . Modelocked operation is initiated and stabilized by nonlinear polarization evolution (NPE) [15] , and the output is taken from the NPE rejection port. An output can also be taken after the diffraction gratings, which allows monitoring of the pulse that enters the fiber. The laser mode-locks easily upon the adjustment of the wave-plates that control the NPE. The experiments are performed at low pulse energies (∼ 2 nJ, which corresponds to 60 mW at a repetition rate of 30 MHz) to avoid over-driving NPE and thus isolate the SS pulse-shaping.
The characteristics of the generated pulses are consistent with SS evolution. The power spectrum exhibits the unique shape that is predicted numerically: parabolic near the peak, with a transition to a steep decay (Fig. 4  (a) ). In usual operation, the spectrum broadens by ∼ 20% on propagation through the fiber. Interestingly, we observe that the spectrum can be truncated (by an intracavity filter) to approximately half its width, and will regenerate itself on propagation through the fiber. The pulse is extracted from the cavity where it is expected to have maximum positive chirp. The intensity autocorrelation reveals that the pulse duration is ∼ 4.2 ps. After dechirping the pulse with diffraction gratings external to the cavity, the pulse duration is 130 fs (Fig. 4 (b) ). The dechirped pulse duration is close to the transform-limit, which implies an approximately linear chirp on the generated pulse, as expected theoretically.
The magnitude of anomalous GVD required to dechirp the output pulse is an important diagnostic of pulse evolution in the laser. From the experimental value (−0.170 ps 2 , approximately equal to that provided by the intracavity gratings) we can conclude that the pulse chirp is positive throughout the cavity, with a minimum at the beginning of the SMF. We estimate a minimum pulse duration of 250 fs. Thus, the overall stretching ratio within the cavity is ∼ 17.
Finally, the measured shape of the chirped pulses generated by the laser further supports the self-similar nature of the pulse evolution. The pulse shape was obtained by cross-correlation with the dechirped pulse, which is ∼ 32 times narrower and thus a good approximation to a delta-function. The pulse shape (Fig. 5) agrees well with the numerical simulations and the parabolic intensity profile expected analytically. The small secondary pulse is not predicted by the simulations. Qualitatively, such structure is expected when the pulse is taken from the NPE rejection port. The simulated results shown above are for the pulse that continues to propagate in the cavity, so this minor discrepancy is not surprising.
The pulse energy was intentionally limited as a control on the experiments reported above. An important aspect of the self-similar regime is the prediction of stable pulses with much higher energies than can be contained in DM solitons. This prediction is based on the assumed monotonically-saturating absorber. NPE is interferometric in nature and thus not monotonic, so it can be overdriven (i.e., the transmission eventually decreases at high intensity) and this may well limit the pulse energy. A laser with lower repetition rate was constructed, so that high-energy pulses were possible energetically given the available pump power. With β net = 0.003 ps 2 , stable pulses with autocorrelation and spectrum similar to those shown above are generated. The chirped-pulse energy is 10 nJ, which is 3 times the maximum obtained from a DM-soliton laser [16] . More systematic studies of the SS pulse energy are needed, but this initial result semiquantitatively agrees with the calculated value.
The experimental results confirm the essential features of the self-similar regime of laser operation, which can be placed in context with prior lasers. In contrast to static soliton solutions and breathing DM solitons, the nonlinear pulse evolution is monotonic, and the pulse is dechirped by a linear process. DM solitons stretch and compress twice per cavity round-trip, while SS pulses stretch and compress once. True solitons are unchirped. DM solitons acquire both negative and positive chirps as they propagate, while SS pulses are positively-chirped throughout the cavity. Quantitative and detailed distinctions include the approximately parabolic temporal profile, which contrasts with the hyperbolic-secant soliton solution and gaussian DM soliton, and the unique spectral profile of the SS pulse.
In this report we have focused on fiber lasers, which perhaps provide the most natural environment for selfsimilar pulses. However, the concept is more broadly applicable. Initial simulations with parameters close to those of existing Ti:sapphire lasers that produce ∼10-fs pulses exhibit some of the features of self-similar propagation (including increased pulse energy) when the net GVD is normal. Self-similar operation of solid-state lasers extends the previously-observed operation with normal GVD [17] , where the pulse duration is nearly static, to stretching ratios > 1. It is also reasonable to expect that the conditions for SS pulse formation could be met in semiconductor lasers.
In conclusion, we have observed self-similar pulse evolution in a laser resonator. This new type of pulse formation is qualitatively distinct from previously-identified mode-locking techniques. Chirped pulses with parabolic temporal (and spectral) profiles exist throughout most of the laser cavity. The pulses can be dechirped to nearly the Fourier-transform limit outside of the laser, so the demonstration of self-similar pulse formation may have major implications for short-pulse lasers. If overdriving of the effective saturable absorber can be avoided, pulse energies one to two orders of magnitude larger than those of existing fiber and solid-state lasers should be possible. This work was supported by the National Institutes of Health under grant EB002019 and the Air Force Research Laboratory under contract F29601-00-C-0049. J. R. Buckley acknowledges the support of the National Physical Science Consortium through a graduate research fellowship.
